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Homological motives: short reminder

k = perfect base field of characteristic p (p > 0);
Var D SmVar D SmPrVar = (smooth, projective; pos-
sibly reducible) varieties /k.

e=pifp>0;e=1ifp=0. R= Z[l] of R =Q.

SmCorp : Obj = SmVar; morphisms=
R-combinations of 'multi-valued functions’.
Corr?* : Obj = M pg(SmPrVar), morphisms—
SmCorR ones/ "homotopy equivalence".

Chow} = Kar(Corri®) (add retracts of
Mg(P') = LD Mg(pt)(=: R);
(1) : M — M ® L =: M(1) (1-effective) gives
Chow$y & Chow (1) € Chow$y

MR(IP’”) R®R(l) ®---® R(n)(= L*").

Also, Chow't ¢ DM

gm,R-
D]ng1 » = Kar(K*(SmCorg)/(HI, MV)); contains

M (X)) for any X € Var; a tensor category D Chows
j > 0 CHy(M) = ChowS{(R(j), M) =(R-linear)
Chow group of dim 5 cycles for M.



Pure and "classical" statements
K D k : a universal domain (algebraically closed & of
infinite transcendence degree/ F,, /Q; e.g., K = C).

Theorem 1. 1. [[Blo80|+...] Vr > 0, M € ChOW?fo:
M € Chowgf@“} <= CH;(Mg)=4{0}V0<j<r.
2. UM = MeQ, M e Chowezf[fl], (1) = 3E >0
By CH; (M) = {0} VK [k, j <.

3. Clear: Kk C C, X € SmPrVar,
Mp(X) =QE M ("decomposition of the diagonal
that corresponds to idagy(x)), ¢ > 0 =
HY(Xc)c = F'HY(X¢)c (r-effective in PHS).

k is finitely generated = HZL (X g, Q) is
r-effective in Q;[Gal(k)] — Mod (V€ € P\ {p}).



Our "mixed" results

Theorem 2 (|BoS22|). 1. X € Var,
CH;(Xy, Q) = {0} Y0 < j < 7,
& dimg CHy(X 5, Q) < oo <= 3 distinguished
N'[=1] = A@ N(r) - Mu(X) = N,
A is a retract of »_ ./\/lQ(Spec k;), k;/k are finite,
N € Chowgy, N' € DM Q=1 =
the extension-closure of UZ>0Ch0W@ 4],

2. (1) < FEx > 0: Ex CH;(X}y [g]) = {0}
VE' [k, 0 <5 <r &Ex CHo(Xy, [ ) =Z[4"

3. Gry P(HY(X)) is r-effective Vg > 0
(k C C or finite dimensional; H as above).

4. "Standard" conjectures = (3) <= (1).

5. X = X' x X2, CH,(Xi,Q) = {0} V) < r,,
1=1,2 — CH]<X,Q> = {0} Vi<ri+mry+1
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Theorem 3. 1. V5 > 0 3! homological
CWH; : DM, = R — Mmmmmmmcmmfu

Vi # 04 restricts to CH; on Chow® (C DM;E R).

ZMEDMgmMGDM$M>¢¢
CWH! (M) = {0} VK'/k, 0< j <r, i € Z.
. R=Q = k'= K is "sufficient":

AhﬂW®QAWeDMﬁ[]:>
dEy > 0 Eyyp CWHZ< ) {O} VE' . 7,7
4. (2) = H*(M) is r- effectlve.
5. R = Q+"standard conjectures" —-

4) = (2).

Remark 4. 1. Similar criteria for CWH;(M ) = {0}
V(i,j) € ZifZT C Z x[0,+0), (i,j) € T =
(@, 7)€ Tit (i,§") € Z x [0, +00), 7 > i, < j.

2. In |[BoK20| (CWH was extended to DM &): if
(4,j) €L = (i+c¢,j+c) €L Ve>0 then CWH;
can be replaced by DMgeglR(RU)[—i], —).

3. CWH can be computed via t : D]Welcf WwR K°(Chow');
comes from wWepow.

4. The proofs rely on the Chow weight structure on

DM o/ DMET (1)



5. Much more was proved; this includes dual results.

J

Thank you for your attention!
I heartily congratulate Professor Vavilov on
his 70th anniversary!
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