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Notation

e k an algebraically closed ground field of arbitrary
characteristic.

e G a connected linear algebraic group.

e V a finite-dimensional algebraic kG-module. The action of G
of V is denoted as

GxV—=V, (gv)—g-v.
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Main problem

The following problem permanently arises in algebraic
transformation group theory and its applications to various
classification problems:

Problem (x)

Given two points a and b € V/, how can one find out whether or
not they lie in the same G-orbit?
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Decidability

Elucidation

By “finding out” we mean decidability of Problem (x), i.e., the
existence of an algorithm providing a correct yes-or-no answer to
Problem () by means of finitely many effectively feasible
operations.

Warning

Finding an algorithm with the best parameters (running time and
memory used) is a separate topic lying beyond the scope of this
talk.
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Example 1: Classification of algebras

L a finite dimensional vector space over k.
V=0 L"®L.

Points of V are the structures of (not necessarily associative)
k-algebras on the vector space L:

v=> fh®{eV =L"®L*® L determines
the algebra A(v) with the multiplication

st = Z f(s)h(t)l foralls,t e L.

G = GL(L) naturally actson V =L*® L* ® L.

A(a) and A(b) are isomorphic algebras <— G-a= G - b.
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Example 1: Classification of algebras (continued)

If G- a lies in the closure of G - b, then A, is called a
degeneration of A,.

In general case, to find out whether A, is a degeneration of Ay is
considered a difficult problem. In some special cases degeneration
are classified by means of ad hoc methods.

Vladimir L. Popov Orbits of Algebraic Groups and Classification Problems



Example 2: Classification of modules

L a finite dimensional vector space over k.

A an associative k-algebra.

Every k-algebra homomorphism ¢: A — End(L) determines an
A-module structure on L by

a-t:=p(a)l) forallacA (el

This yields a bijection between the sets of such homomorphisms
and A-module structures.

In turn, if A is generated by the elements aj, ..., ay, then ¢ is
determined by the point

s = (¢(a1),...,¢(aq)) € V=End(L)x---xEnd(L) (d factors).

Denote M the A-module corresponding to this ¢.
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Example 2: Classification of modules (continued)

When ¢ runs over all homomorphisms, s runs over a closed
algebraic subset Moda(L) in V called the variety of A-module
structures on L.

G = GL(L) diagonally acts on V by conjugation.

M, and M, are isomorphic A-modules <— G-a=G-b.
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Example 2: Classification of modules (continued)

If G- a lies in the closure of G - b, then M is called a
degeneration of M,,.

In general case, to find out whether M, is a degeneration of M,
is considered a difficult problem. In some cases it is solved by
means of ad hoc methods (for instance, if A is the path algebra of
an oriented extended Dynkin graph of a root system of type Ay,
Dy, Ee, E7, or Eg (Bongartz, 1995)).
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Example 3: Classification of representations of

quivers

Q a quiver (i.e., a finite directed graph).

Vi,...,Vm the set of all vertices of Q.

E the set of all edges of Q.

ta (resp. ha) the tail (resp. head) of a € E.

U,, a finite-dimensional vector space over k assigned to every v;.
The k-vector space

V = B Homy(Uta, Una)-
acE

is the set of all representations of @ of dimension
(dim Uy,...,dim Uvm) e N7,
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Example 3: Classification of representations of

quivers (continued)

The group
G =GL(U,,) x --- x GL(U,,)

acts on V by

(gvla cee 7gv,,) : @ hta,ha = @ ghahtoz,hagigéy

acE acE

Representations a, b € V are equivalent <—= G-a= G - b.
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Example 4: Classification of smooth hypersurfaces

h1 and hy irreducible forms of the same positive degree in the
homogeneous coordinates of P".
H; the hypersurface in P” defined by the equation h; = 0.

Theorem (Severy—Lefschetz—Andreotti)

Every positive divisor on any smooth hypersurface in P", where
n > 4, is cut out by a hypersurface in P".

This implies:

If n > 4 and both H; and H, are smooth, then

H; and H, are isomorphic varieties <= GLp41 - hy = GLpy1 - ho.
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Example 5: Classification of algebraic curves of

genus g > 2

There are other types of algebraic varieties for which the
isomorphism problem is reduced to finding out whether some forms
lie in the same orbit of a linear algebraic group. For instance, this
is so for algebraic curves.

Theorem

e FEvery irreducible smooth projective curve of a genus g > 2 is
embedded into P°6~% be means of its tripled canonical class.

e The following properties are equivalent:
e Two such curves X and Y are isomorphic.

e Their images X and Y in P56~ are transformed one into
another by a projective transformation of P%6~5.

o The Chow forms of X and Y lie in the same orbit of the
corresponding GLy.
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Main problem

The key property of orbits of algebraic group actions related to
Problem (x) is given by the following classical

Every orbit of algebraic group action is open in its closure.

This yields
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Main problem

This leads to a more general

Problem (xx)

Given two points a and b € V, how can one find out whether or
not G - a liesin G- b?

Vladimir L. Popov

Orbits of Algebraic Groups and Classification Problems



Example: Orbit closures and Geometric Complexity

Theory

Using the sizes of arithmetic circuits computing multivariate
polynomials over k = C, one defines certain
classes VP and VNP D VP of sequences of such polynomials.

Valiant’s conjecture:
VP # VNP

This conjecture can be seen as
an algebraic version of Cook’s famous P # NP hypothesis.
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Example: Orbit closures and Geometric Complexity

Theory (continued)

The following major result led to a conjecture about orbit closures
that implies Valiant's conjecture.
Let

perm, ;= permanent of | . ... ... ... where x;; are variables

Theorem (Valiant)

The following properties are equivalent:

e The sequence permj, perms,, ... does not lie in VP.
e VP £ VNP.
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Example: Orbit closures and Geometric Complexity

Theory (continued)

M, the vector space of m x m-matrices with coefficients in k.
x; j the standard coordinate functions on M.
n a positive integer, n < m.

dm: My, > k A detA,
pn: My, — k A xﬂ’l_” - permanent of A,,

where A, is the right down n x n-corner of A.

GL,» naturally acts on the space of polynomial functions
M,, — k.

There is ng such that for all n > ny and m large enough compared
to n, namely, m = O(n?2"),

pn lies in the closure of GL,2 - dm. M
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Example: Orbit closures and Geometric Complexity

Theory (continued)

Let m(n) be the minimal m such that property (!) holds for every
n = ng.

Conjecture (Mulmuley, Sohoni)

The function n +— m(n) grows faster than any polynomial in n.

Mulmuley-Sohoni’s conjecture = Valiant's conjecture.
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The talk is aimed to explain that

Problem (%) is decidable if char k = 0 and G is reductive.

The plan:
e Describing the input of the algorithm.

e Reducing to the case of conical orbits G - a and G - b.

e Describing the algorithm.

Orbits of Algebraic Groups and Classification Problems
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Describing the input of the algorithm

The input of the algorithm consists of two components.

The first component is a certain
set of n? functions describing the G-action on V.

This set is constructed using the following

rational parametrization of G.
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On the input: Rational parametrization of G

o A" :={(e1,...,6r4s) EAS | &1, # 0}, r,s e N.

® Xi,...,Xr+s the standard coordinate functions on A"®:

Xi((€17 500 75r+$)) =é&i.

The (ordered) set of all Laurent monomials
x{t oo xte, where iy, i €Z and ipgp1,. .., ires €N,
is a basis of the k-vector space

k[Ans] = k[X17X;17 cee 7XI”Xr_17X’+1’ T ’XrJrs]

of all regular functions on A"*.
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On the input: Rational parametrization of G

There is an open embedding
LA™ — G

with r =1k G.
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On the input: Example of rational parametrization

Let G = SLo.
The map

v A2 — SLy,

1 62] [61 0 } [1 O] - [51162634-61 6{162

EilyEDyE g _ _ _
(17 2, 3) I:O 1 0 €11 £3 1 51153 511

is an open embedding.
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On the input: Data determining G-action on V

€1,...,€e, a basisin V and

p;,j:G—>k, i,jG{l,...,n}

the regular functions on G (matrix coefficients) such that the
action of G on V is given in the basis ey, ..., e, by the matrix
representation
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On the input: Data determining G-action on V

In other words,

n

g (En: ’Yiei> = Z(zn: pj,,'(g)w,-) ej forall g€ G and ;€ k.
i=1

j=1 i=1
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On the input: Classical example of binary forms

The next example is the main object of the pre-Hilbertian classical
invariant theory.

Example

char k = 0.

G = SL».

V = %), the (h + 1)-dimensional space of binary forms of degree h
in variables z;, z» over k with the G-action given by

g -z1=0z1+7v2, §:-22=P021+02 forg—[i B}GG.

As a basis eq,..., e, (with n = h+ 1) in A, take

e = zlf'+1_’zé_1.
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On the input: Classical example of binary forms

Example (continued)

Then

a 8
{75

] -&j = (az1 +72)"T (B2 + )

h+1

h+1 i_i—1
= E :Pu Z

For instance, if h = 2, then

P23 SLy, — k, I:: §:| — 25(5,

P22 SL2 — k, |:: /§:| — 0454—’75
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The first component of the input

A
The first component of the input is the following system of
n? regular functions on A"

I -1 —1
©jj =pijoL €KX, X] o Xey Xy Ty Xrg 1y - s Xrs)
Ar75( L Pi,j k
open embedding matrix coefficient
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The first component of the input:
Classical example of binary forms

Example

char k =0, G = SLo,
v, V=B, e = z{’“f’zé*l as in the above examples.

Then ©;; is the coefficient of z/ ™ ~'zi"! in the
decomposition of

h+1—j i—1

((xl + Xf1X2X3)21 + (Xf1X3)22) J ((Xf1x2)21 + (Xfl)zz)J

as a linear combination of monomials in z;, z, with the
coefficients in k[xl,xl_l,XQ,X3].

Vladimir L. Popov Orbits of Algebraic Groups and Classification Problems



The first component of the input:

Classical example of binary forms

Example (continued)

For instance, if h = 2, then
92,22 Al’z — k,
—2
(€1,€2,€3) = @l + VBlamc—1cpes4e,, = 1 + 267 “E263.
B=¢; ea,
7=€1_1€37
626;1
Therefore,
O =1+ 2X1_2X2X3.
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The second component of the input: deg p(G)

X a locally closed irreducible subset of A™.
Z the set of all (m — dim X)-dimensional linear subspaces of A™.
% has a structure of irreducible algebraic variety.

We use the following classical

For every L in a dense open subsubset of £, the intersection X N L
is a finite set whose cardinality does not depend on L.

This cardinality is called the degree of X and denoted by deg X.

Vladimir L. Popov Orbits of Algebraic Groups and Classification Problems



The second component of the input: deg p(G)

As p(G) is a locally closed irreducible subset of the n?-dimensional
affine space Mat, ,(k), the integer deg p(G) is defined.

The integer deg p(G) is the second component of the input
of the algorithm.

The reason to consider deg p(G) known is that

if char k = 0 and G is reductive, then there is a formula for
deg p(G) .

In this formula, the following notation is used.
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Formula for deg p(G): Notation

e T a maximal torus of G.

e r=dimT =1kG.

X(T) :=Hom(T,Gp,) in additive notation and naturally
embedded in E = X(T) ®zR.

e E and R are identified by means of an isomorphism E = R’
such that X(T) is identified with Z".

e dv the standard volume form on E.

W := Ng(T)/ T C GL(E) the Weyl group.

Pv C E the convex envelope of 0 and all T-weights of V.
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Formula for deg p(G): Notation

Notation (continued)

e We assume dim Py = r. This is attained by replacing G with
G /(ker p)°.

e R, a system of positive roots of G with respect to T.

e o’ the coroot corresponding to a root o € Ry, i.e.,
@'t E=R, v 2a|v)/{a]a),
where ( | ) is a W-invariant inner product on E.

e mi,...,m, the exponents of W (i.e., my +1,...,m,+1 are
the degrees of homogeneous free generators of R[E]W).

Particular case: G = T. Then

R+:®, ’W’:]_, m1:-~~:mr:
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Formula for deg p(G): Theorem

Theorem (B. Kazarnovskii)
Let char k = 0, let G be reductive, and let ker p be finite. Then

B dim G! Vo
deg p(C) = ywy(mli..-m,1)2\kerp\/7, 1] (@Y.

V aeRy
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Formula for deg p(G):
Classical example of binary forms

Example

char k =0, G = SLy, V = %), the kG-module of binary forms of
degree h in variables z, 2.
Then

dmG=3, r=1, E=R, X(T)=2, |W|=2, m =1,

Ry = {a=2},
o’ is the standard coordinate function x: R = R, a s a,
trivial if his odd,
kery = . : o
cyclic group (dlag(—l, —1)) of order 2 if his even.
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Formula for deg p(G):

Classical example of binary forms

Example (continued)

Take
T = {diag(t,t71) | t € k\ {0}}.

Then ¢ = z{’H_" é_l is the T-weight vector of the weight
h—2i+2. Hence {h,h—2,...,—h+2,—h} is the T-weight
system of V. Whence

Py = [—h, h].

This yields

3l h 2h3 if his odd
deg p(SLy) = 2dx = ’
8 r(8L2) = Fiery] /—hx 8 {h3 if h is even.
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Reducing Problem (xx) to the case of conical orbits

Now we explain that when searching for an algorithmic solution to

Problem (xx)
Given two points a and b € V/, how can one find out whether or
not G -aliesin G- b?

one can assume that the orbits G - a and G - b are conical.
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Reducing Problem (xx) to the case of conical orbits

Definition

A subset C of a vector space L over k is called conical if it is stable
with respect to scalar multiplication by every nonzero element of k:

AC =C forevery A € k\ {0}.
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Reducing Problem (xx) to the case of conical orbits:

Step 1

The reduction is performed in two steps.

Step 1

Consider the G-action on the projective space P” given by

g-(aw:ag: - :ay) = (ao : ZpL,-(g)a,- D any,-(g)a,).
i=1 i=1

’
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Reducing Problem (xx) to the case of conical orbits:

Step 1

This yields

the group embedding p(G) — Aut P”

and

the G-equivariant embedding of varieties V — P"

whose image is the standard principal open subset

{(ag:aq:---:an) | ag # 0}
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Reducing Problem (xx) to the case of conical orbits:

Step 2

Consider the natural surjections

7: GLpp1 — AutP”  and  m: k"N {0} — P

Step 2 Replace

e G with g = 77 1(p(G)),
e V with V := k"1

e aand b with any 3,b € V such that 7(3) = a, 7(b) = b.

G is connected. G is reductive if G is.
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Reducing Problem (xx) to the case of conical orbits

The following lemma shows that performing Steps 1 and 2 reduces
Problem (xx) to the case of conical orbits.

Lemma

The following properties are equivalent:
e G - a lies in the closure of G - b in P";
e G - a lies in the closure of G - b in V;

o G -3 lies in the closure of G - b in V.

The orbits G - 3 and G - b are conical.
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Application to a more general setting

As every normal quasiprojective G-variety can be equivariantly
embedded in some P, it frequently arises the problem analogous
to Problem (xx) but for a G-action on some projective space.

The above lemma shows that this problem is reduced to
Problem (xx) for linear actions on vector spaces.
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Algorithm

Algorithm for solving Problem (xx)

We recall that
.|

n=dimV, d=degp(G), r=rankG, s=dimG —r,

-1 -1
©jj € kX1, Xy " ooy Xry Xy Ty Xr g1y« -+ 5 Xrgs]
(the restrictions of matrix coefficients of p to the open subset ¢(A™°) of G)

Vladimir L. Popov Orbits of Algebraic Groups and Classification Problems



Algorithm

The cases n=1and G-b=V (i.e, dim G- b = n) are clear.
Therefore, in what follows we assume

n>?2 and dim G- b < n.
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Algorithm

Step 1

Following the procedure described above, reduce Problem (xx) to
the case of conical orbits G - a and G - b.

Vladimir L. Popov Orbits of Algebraic Groups and Classification Problems



Algorithm

Step 2

A
Find the coordinates of a and b in the basis ey, ..., e,:

a=owme +- -+ aney, b=pier+ -+ Brep,
and, replacing ey, ..., e, by another basis if necessary, ensure that

Pr---Bn#0.
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Algorithm

Step 3

Consider the “generic’ polynomials F1, ..., F, of degree 2d — 2 in

the variables y1, ..., y,,
._ q1 _
Fs = E Cs,qu,qnyr - Y™, s=1,...,n,
q1,--,Gn€EN

qit-+qn<2d—2

where the coefficients ¢; g,,... 4, are indeterminates over k,
and then put

H=wh-a)Rh+ -+ (n—a)f-1
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Algorithm

Step 4

Replace every y; in H with
n
> 8i9ij.
j=1

The result of this is a sum

. . i . ir+s
E : €’17~~7’r+sX1 Xr—i—s’

(i17"'7if+5)eM

where M is a finite subset of Z" x N° and every ¢;, ;. is a
linear combination of ¢, . 4,'s with the coefficients in k.
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Algorithm

Step 5
A

Consider the following system of linear equations in variables
Cs.qu,...,q, With the coefficients in k:

/ =0 where (i1,...,I+s) runs over M.

yeensirts

Denote this system by ().
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Algorithm: The data-driven decision rule

The following properties are equivalent:

e the orbit G - a lies in the closure of the orbit G - b;

e the system (%) of linear equations is inconsistent.
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Algorithm: The data-driven decision rule

By the Kronecker—Capelli theorem, this yields the following
numerical criterion:

Let A be the coefficient matrix of (%) and let A be the augmented

matrix obtained from A by adding the column of free terms.
Then

G-aCG-b <= rankA;érankAN.
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Example: Binary forms

G =SL,, V = %,,.
The number of variables ¢; g, .. g, in system (%) is

2m +h—1 o
(h+1)< b1 ) if his even,

3 _
(h+1)<4h h 1) if h is odd.

h+1
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Algorithm: Replacing d by a smaller integer

It can be shown that

d =deg p(G) > deg G - v for every v € V

and that the algorithm and Theorem remain valid if d is replaced
with deg G - b.

Therefore, if deg G - b is known, this leads to decreasing the
number of variables and equations in system ().

In some cases the degrees of orbits indeed have been computed.
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Example: Degrees of orbits of binary forms

G =SLy, V = %,.

Every nonzero v € %), decomposes as

with pairwize nonproportional linear forms ¢1,..., ¢, € 1.
If m> 3 and h/s; > 2 for every i, then the G-stabilizer G, of v is

finite.

Then, according to Moser-Jauslin (1992),

Gyldeg G- v=—2(m—1)n* -4 (h—s)’
i=1

_ ps1 S,
V=5 5,

+ 3K Zm:(h —si)+3h zm:(h = si)(h = 2s})
i=1 =1
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Example: Degrees of orbits of binary forms

Example (continued)

In particular, if all roots of v are simple, i.e., m = h and
si=-=s5,=1,

then
2h(h —1)(h —2)

Gyl
This formula can also be deduced from a calculation made by

Enriques and Fano in 1897. This has been done in 1983 by Mukai
and Umemura (with a gap fixed in 1992 by Moser-Jauslin).

degG - v =
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