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TN RSIWATIELEL M Vishik's J-invariant

The variety of maximal totally isotropic subspaces

Let k be a field, char k # 2, and let g: V — k be a nondegenerate
quadratic form over k of dimension 2/ + 1.

Let us denote OGr(/, q) the variety of totally isotropic subspaces of V' of
dimension / (this is a closed subvariety in the Grassmannian of V).

If g is split and P; is the maximal parabolic subgroup of SO2/41
corresponding to the fundamentalr root «; (in the numbering of Bourbaki),

then OGI‘(/, q) = SO2/+1/P/.

In general, OGr(/, q) is a twisted form of SOp/41/P;.
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TN RSIWATIELEL M Vishik's J-invariant

Chow ring of OGr(/, q)

Let us denote Ch* = CH*(—; F»).
Theorem (Vishik)
Ch*(SO2141/Pr) 2 Faler, e2,..., e]/(ef = e | 1< i < ).

The answer does not depend on the base field k. Let L/k be a field
extension splitting g and denote

Ch" (0Gr(/, q)) = Im(Ch*(OGr(/, q)) = Ch*(SO2/41/P))).

Theorem (Vishik)

Consider the subring of Ch*(SOz/+1/P) generated by
ej € Ch" (OGr(/, q)). This subring coincides with Ch" (0Gr(/, gq)).
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DTN RIIWATIELE M Vishik's J-invariant

Definitions of J-invariant

Definition (Vishik)
Let J(q) denote the subset of {1,...,/} such that i € J(q) iff
e € Ch" (OGr(/, q)).
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TN RSIWATIELEL M Vishik's J-invariant

Definitions of J-invariant

Definition (Vishik)
Let J(q) denote the subset of {1,...,/} such that i € J(q) iff
e € Ch' (0Gr(/, q)).

Ch*(SOQH_l/P/) = FQ[El, €3y..., e2r_1]/(e§,-ki_1),
where r = |31, ki = [logy(525)]-

Definition

Let j; be the smallest integer such that e2j’ 1 € Cch" (OGr(/, g)). Then

J'(q) = (jl, e ,jr).
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TN RIIWATIEGEN M Generalised J-invariant

Hopf-theoretic interpretation of J-invariant

Let : SO2/41 — SOg/41/P; denote the natural projection. Then
o 7*: Ch*(SO2/41/P;) = Ch*(SO2/41) is an isomorphism.
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Definition of J-invariant Generalised J-invariant

Hopf-theoretic interpretation of J-invariant

Let : SO2/41 — SOg/41/P; denote the natural projection. Then
o 7*: Ch*(SO2/41/P;) = Ch*(SO2/41) is an isomorphism.

e Multiplication on SOgy/41 induces a co-multiplication on Ch*(SOz/41),
and e; are primitive with respect to it.

o Let Ch*(X) = Ch%(X) @ Ch"(X).
Theorem (Petrov—Semenov)

The ideal generated by the image ofal*(OGr(/, q)) in Ch*(SOgz/41) is a
bi-ideal.
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TN RIIWATIEGEN M Generalised J-invariant

Milnor—Moore Theorem

Theorem (Milnor—Moore)
If H is a non-negatively graded primitively generated commutative finite
dimensional bi-algebra over Iy, with HO = Fp, then there is an

isomorphism of bi-algebras of H with Fp[xy,...,xs]/(x’ ") for some e;,
where x; are primitive.

Corollary

Every bi-ideal in Ch*(SOg/41) has form (e2™,..., 3" ;).

In particular, the ideal generated by the image of &*(OGr(I, q)) in
Ch*(SOg/41) has form (e*,...,e3" ;) where (j1,...,j.) = J'(q).
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Definition of J-invariant Generalised J-invariant

Other cohomology theories

Let char k = 0 and Q* denote algebraic cobordism of Levine—Morel.
Consider A* = Q" ®q«(spec k) R for some Q*(Spec k)-algebra R.

Theorem (Petrov—Semenov)

Multiplication on SO3;41 induces a co-multiplication on A*(SO241), and
the ideal generated by the image of A*(OGr(/, q)) in A*(SOgy/41) is a
bi-ideal.

Definition

We will denote J,(q) the ideal generated by the image of A*(OGr(/, q)) in
A*(SOy/41) and call it the J-invariant of g with respect to the theory A.

v
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Morava K-theories

A* = K(n)* (algebraic) Morava K-theory is another example of
cohomology theory

Theorem (L.—Petrov—Sechin—Semenov)

K(n)*(SOai11) & Falvi[er, e3, - .-, e2,-1]/(e311),

where r = min (2”_1, LHTIJ) and

(o (50 o (5259))

In particular, if / > 2" the natural map SOgn+1_; — SOg/41 induces an
isomorphism on K(n).

v
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Bi-ideals in K(n)*(SO2/41)

Theorem

If I QK(n)*(SOa41) is a bi-ideal, then | = (e2™,...,€3" ) for some
0 < a; < k; and, moreover, | satisfies the condition

en_1-2t €1l = en_1_+ € 1.

Definition

For Jic(ny(a) = (62", -, €3/_1) QK(n)*(SO2/41) denote
(@) = Gy o).
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Reduction to the case of small rank

For an (2/ 4 1)-dimensional quadratic form g over k, | > 2", consider its
generic splitting tower

k=ky Ck C...Cky

and g; = (q|k;)an, Where kiy1 = ki(g;). Assume that dim g; > 21 + 1 for
i < ip and dim g, < 2™! — 1. Denote § = g;, L H" such that
dimg=2"t! —1.

Theorem

Under the identification K(n)*(SOgn+1_1) = K(n)*(SOz/41) the ideals
Jf{(n)(q) and in(n)(a) coincide.
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Morava J-invariant for small ranks

Theorem
Let q denote (21 + 1)-dimensional quadratic form, | < 2" — 1. Then

YNCOENIC)E
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Morava J-invariant for small ranks

Theorem

Let q denote (21 + 1)-dimensional quadratic form, | < 2" — 1. Then
YNCOENIC)E

In particular, J{4;(q) satisfies the condition

En_1_9t € JICH(q) = eén_1-t € J/CH(q)

for n > log,(/ + 1).
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Let S’ denote i-th Steenrod operation.
Let k =29 4292 4 . 4 2% where a; = v»(k) and
i1 =wm(k—2"—...=-2%),0<a1<a<...<a.

Theorem

In the notation above,

en_1_ = S¥(... 5% (5% (epr_1-24)) - ..) € Ch(SOp).
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